We provide a mathematical analysis for a metasurface constructed of plasmonic nanoparticles mounted periodically on the surface of a microcapsule. We derive an effective transmission condition, which exhibits resonances depending on the inter-particle distance. When the microcapsule is deformed, the resonances are shifted. We fully characterise the dependence of these resonances on the deformation of the microcapsule, enabling the detection of strains at the microscale level. We present numerical simulations to validate our results.
Introduction
There is high value in early and real-time detection of deformation in materials. Most methods are invasive and do not allow for in-situ evaluation. In [9] , gold nanoparticles were embedded on microcapsules subjected to uni-axial strain. Upon mechanical stress, the authors observed a change in color of the microcapsule. These experimental results motivate a mathematical modelling of the phenomenon. The aim of this paper is to use spectral analysis, building upon the works reported in [1] for non-resonating particles and [5] for a one-dimensional grating in the half-space, to derive a rigorous relation between the applied mechanical strain and the observed extinction shift.
Driven by the search of materials that achieve full control of wave propagation, the field of metamaterials has been undergoing considerable developments in the last decades. Metamaterials are artificial materials. Their building blocks are often locally resonant elements, whose features are an order of magnitude smaller than the operating wavelength. The properties, geometry, and size of the subwavelength resonant elements strongly alter the wave propagation in the structure. In this article, we show that the microcapsules synthesised in [9] are in fact metasurfaces and that they owe their extraordinary sensing properties to the periodic arrangement of resonating gold nanoparticles embedded on their surface.
The desired optical effects are achieved by a phenomenon called surface plasmon resonance. Surface plasmon resonance occurs when the free electrons at the surface of a metal oscillate with a maximum amplitude. The surface plasmon resonance induces a strong absorption of the incident light by the nanoparticles. It is determined by a number of parameters: the nature of the metal, the dielectric properties of the background medium, the size, shape and configuration of the particles, among others; these allow a remarkably sophisticated degree of control over the desired optical response. The resonance is especially powerful and acute for noble metals, making gold a strong candidate for the sensitivity sensor. Another advantage of choosing gold is that its resonance occurs in the visible range of the electromagnetic spectrum [380 − 740nm], making the changes visible to the naked eye. In [9] , the microcapsules have dimensions 4 − 30µm, and the nanoparticles have mean diameters 40 nm ±25 nm; the resonators are indeed subwavelength. In [4, 6, 7] , the plasmonic resonances of a single particle are characterised in terms of the spectrum to some integral operator, known as the Neumann-Poincaré operator.
In this paper, we mathematically formulate the scattering problem and derive an effective transmission condition using layer potential techniques (see Definition B.1). We show that the absorption properties of the metasurface are associated with the eigenvalues of a periodic Neumann-Poincaré type operator. The thinness of the layer allows us to employ homogenisation techniques and effectively replace the plasmonic particles by an approximate transmission condition. In contrast with quasi-static plasmonic resonances of single nanoparticles, the quasi-static plasmonic resonances of periodically arranged nanoparticles depend on their size and configuration. We exploit well-known results on the periodic Green function and on the spectrum of its associated Neumann-Poincaré operator to fully characterise the resonances in terms of the structure's periodicity.
For simplicity, we reduce the problem to two dimensions where the microcapsule is a disk in the R 2 -plane and the nanoparticles are equally spaced disks mounted on its perimeter, see Figure 1 . We assume that the nanoparticles stay equally spaced on the elongated ellipse. We model the propagation of light with the scalar wave equation and illuminate with a plane wave.
The rest of the paper is structured as follows: We begin in section 2 by formulating the problem setting; in section 3 we solve a hierarchy of equations from which we derive the effective transmission condition; next, we fully characterise the transmission condition in terms of the periodicity in section 4, and validate it against numerical simulations; we conclude in section 5 with a discussion of our results, generalization to three dimensions, and other future directions.
Problem setting
We consider a particle D occupying a smooth bounded domain in R 2 , of class C 1,α for some α > 0, characterised by electric permittivity ε c and magnetic permeability µ c , both of which may depend on ω, the frequency of the incoming wave. The particle D has a characteristic size δ small compared to the operating wavelength. For ease of notation, we will write δ 1 in what follows instead of the correct homogeneous approximation δω/c 1, where c is the speed of light in the medium. The background medium is characterised by its electric permittivity ε m and its magnetic permeability µ m . Throughout this paper, we assume that ε m and µ m are real and positive and that k m is of order one. We also assume that ε c ≤ 0, µ c ≤ 0 and µ c ≤ 0. We define the wavenumbers k c = ω √ ε c µ c and
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The particle is repeated periodically on the perimeter of a disk Ω of radius r centred at the origin representing the microcapsule. Let N be the number of particles and D = ∪ N l=1 D l be the collection of periodically arranged particles. We assume the particles to be placed on the roots of unity, so their centres have coordinates in the complex plane z l = r exp (2iπl/N ), for l = 0, . . . , N − 1, see Figure 1 .
where χ denotes the characteristic function. Let u i (x) = exp (ik m κ · x) be the incident wave, where κ is the unit incidence direction.
Upon mechanical stress, the elastic circular microcapsule deforms into an ellipse. We choose the medium to be water, which is incompressible. For the microcapsule's surface to be conserved, its perimeter has to increase, which in turn increases, on average, the inter-particle distance. Not-to-scale circular and elliptic microcapsules are sketched in Figure 1 . In our approximation, the layer of particles stays periodic under the stretch and the period increases. Moreover, we consider the elastic layer on which the nanoparticles are mounted to be infinitely thin.
We use the Helmholtz equation to model the propagation of light. The total potential u satisfies the following equations
as well as the outgoing radiation condition
Here, ∂ · /∂ν denotes the normal derivative and the subscripts + and − are used to denote evaluation from outside and inside ∂D, respectively. It was shown in [1] that the curvature of the microcapsule does not appear at the first order approximation in δ of the periodic particles. So the approximate transmission conditions will be determined by studying the infinite periodic one-dimensional grating shown in Figure 2(a) , where now D = ∪ ∞ l=1 D l . When considering the boundary layer, we use the scaled coordinates ξ = (ξ 1 , ξ 2 ), as shown in panel (b) of the same figure, and denote by d/δ the inter-particle distance. The particles are repeated along the ξ 1 -axis. We assume d and δ to be of the same order of magnitude. Lemma 3.1. Using the periodic single-layer potential S B, and the periodic Neumann-Poincaré operator K * B, defined in Appendix B, we can write the solutions to (6) as
where I denotes the identity operator and the contrast λ is given by
Proof. We search for densities Ψ l ∈ H − 1 2 (∂B) such that α (l) = S B, [Ψ l ]. From Lemma B.1, the periodic single-layer potential is harmonic in R 2 \ B ∪ B and continuous across ∂B and so, we are left with the normal derivative jump condition.
Lemma 3.2. The following expansions hold for l = 1, 2, ξ = (ξ 1 , ξ 2 ),
where {λ j } are the eigenvalues of K * B, and {φ j } a corresponding orthonormal basis of eigenvectors.
Proof. We use the expansions of the periodic Green's function derived in Lemma A.2. As ξ 2 → +∞, we have by definition
where we used φ 0 , ν l H * 0 (∂B) = 0 and
Finally, λ = 1/2, and so´∂ B Ψ dσ = 0. The last equality follows from
which is obtained by integration by parts. We prove that α (1),+ ∞ = 0 by symmetry; indeed we have
where we split the boundary integral into an upper and lower half-space, on ∂B + and ∂B − , respectively. A change of variable ζ = −ζ in the second integral gives ζ 2 = −ζ 2 and ν 1 (ζ ) = ν 1 (ζ) and hence, the sum vanishes. The proof for ξ 2 → −∞ follows the same steps.
Since there is no jump of u across ∂Ω, u (1) must correct the jump of u (0)
BL . Hence, the first-order term u (1) 
u (1) − u i satisfies the outgoing radiation condition (2) at infinity.
4 Effective transmission condition and strain sensing
Effective transmission condition
By writing u app := u (0) + δu (1) we find u app to be the solution of
u app − u i satisfies the outgoing radiation condition (2) at infinity.
We have derived an effective transmission condition on ∂Ω, which is proportional to α (2),+ ∞ . From (10), α (2),+ ∞ blows up at ω for which the spectrum of K * B, coincides with the contrast λ(ω). Notice that the eigenvalues {λ j } j∈N depend implicitly on the ratio δ/d. So as the period increases, the frequency at which a plasmonic resonance occurs will be shifted to the right (i.e., the red). This follows from Lemma B.2. From equation (15), it is clear that as the period increases, which is equivalent to the particle radius decreasing (η < 0), eigenvalues {λ j } j∈N are larger.
The contrast can be written explicitly in terms of the frequency, using, for instance, the Drude model [13] , to express the magnetic permeability of the particles as:
where the positive constants ω p and T are the plasma frequency and the collision frequency or damping factor, respectively. Here, µ 0 is the magnetic permeability in vacuum. In the non-restrictive case where the medium is vacuum, i.e., µ m = µ 0 , the contrast has the simple expression
, which tells us that when the eigenvalues {λ j } j∈N are larger, the frequency is larger. As the wavelength is inversely proportional to the frequency, Λ = 2πc/ω, a period increase will shift the absorption peak to smaller wavelengths. This is consistent with the experimental results reported in [9, 10] .
Capsule's deformation
The microcapsule's deformation under mechanical stress is characterised by the Taylor parameter (D, θ): a deformation index D := (L 1 − L 2 )/(L 1 + L 2 ), where L 1 and L 2 are the major and minor axes of the ellipse and an orientation angle θ [12, 8, 11] . In our particular case, the capsule's surface is conserved so L 1 = r 2 /L 2 , where r is the disk radius before elongation, and the strain is uni-axial on a film so θ = 0. The perimeter of the ellipse can be approximated by P ≈ π √ 2 L 2 1 + L 2 2 . On the other hand, P ≈ N d, where N was the number of nanoparticles. Therefore, by measuring the position of the absorption peak of the microcapsule, one can calculate the inter-particle distance and in turn fully characterise the deformation.
Numerical illustration
We now show numerical computations to further validate our results. In [9] , the capsules are roughly stretched by a factor of three, which corresponds to approximately doubling the inter-particle distance:
where P and P are the perimeters of the circle and the ellipse, respectively. Figure 3 shows α (2),+ ∞ as a function of the wavelength for different periods but for a fixed radius. The larger the distance between the gold nanoparticles, the more red-shifted the plasmon peak is, which is consistent with our theoretical result in Lemma B.2.
Remark 4.1. As the volume fraction of the nanoparticles increases, the absorption peak broadens and shifts to the red, as reported in [10] , which explains why our absorption peaks are in the UV range and not in the visible range.
Conclusion
The mathematical modelling presented in this article gives a rigorous justification for the results reported in [9] , where gold nanoparticles were used as building blocks to design strain sensing microcapsules. Using the spectral properties of the Neumann-Poincaré operator we derived an effective as a function of the wavelength for linearly increasing unit cell sizes, from d = 1 (blue contour) to d = 2 (purple contour), with a fixed radius δ = 0.45. Water was used for the homogeneous medium (ε m = (1.77) 2 ε 0 ) and gold for the nanoparticles. For the plasma frequency and damping factor we used T = 10 −14 s and ω p = 2 · 10 15 s −1 .
transmission condition and investigated the dependency of the effective transmission condition with respect to changes in the nanoparticles spacing.
Although the nanoparticles were modelled as disks, the calculations were conducted for an arbitrary shape, one with a sufficiently smooth boundary, and only the numerical computations shown in Figure 3 are specific to circles. This result could be extended to a two-dimensional array of spherical nanoparticles mounted on a two-dimensional surface. 
A Periodic Green's function
satisfies (13) .
Proof. The proof can be found in [2] in the special case d/δ = 1. Adding the multiplicative factor is straightforward.
Let us denote by G (ξ, ζ) := G (ξ − ζ).
by a standard perturbation argument. Hence, using the jump relations in Lemma B.1 (vi), it follows that
